Local limit theorems for Markov chains
associated with disk polynomials

Abstract
We prove local limit theorems for Markov chains on N% associated with
the disk polynomials of index o > 0. This means that we study the rate of
convergence of their transition probabilities. Our results complement the
known central limit theorem for these Markov chains.

1 Introduction

The so called disk polynomials form a family of orthogonal polynomials in two
variables on the unit disk. We use these polynomials to define a class of Markov
chains with state space NZ which include as a special case isotropic random walks
on the dual of the Gelfand pair (U(d),U(d — 1)). These Markov chains have
been studied by Bouhaik and Gallardo in an number of papers. In particular
they established laws of large numbers and central limit theorems, see [2]-[4].
It is the purpose of this paper to supplement the central limit theorem with
the corresponding local limit theorems. This yields information on the order of
convergence of the transition probabilities. The proof uses the Hilb formula for
the disk polynomials and an integral representation of the transition probabilities.
This method of proof follows the pattern of the proof of the classical local limit
theorems to be found e.g. in chapter 4 of [8]. Finally let us mention that the
same method has also successfully been applied to Markov chains associated with
certain one dimensional orthogonal polynomials including the Jacobi polynomials,
see [5].

2 Preliminaries
The disk polynomials. Let a > 0 and (m,n) € N2. The function

(2.1) R

m,n(z) = Rgroli)n(reuﬂ) = ei(m*n)gﬁr|mfn|PT(TLOZ/(T*HD(QTQ _ 1)’

where P\*” )(:c) is the n-th Jacobi polynomial normalized by the requirement
P,Ea’ﬁ)(l) = 1for alln € Nand m An = min(m, n) is called the disk polynomial of
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degree (m,n) and exponent .. The disk polynomials form a family of orthogonal
polynomials in two variables on the unit disk D := {2z € C: |2| < 1} = {re¥ :
0<r<1,0< ¢ <2} with respect to the measure

1
Ao = o (1 —2* — y*)*dxdy (z =z +1y).
m

These polynomials have been studied by several authors, see [3],[4] and [9]. In
particular for « = d — 2 (d > 3 an integer) they appear in the expression for the
spherical functions of the Gelfand pair (U(d),U(d — 1)) (see e.g. [1], 3.1.14).

In [9] it is proven that all the linearization coefficients defined by

Rggl)’nl (Z)R£SQ)1H2 (Z) - Z g(m17 ny, Mg, N2, M, n)Rgg’)n(Z)

m,n

are nonnegative for a > 0.
If we define a convolution of point measures on NZ by

6m1,n1 * 5m2,n2 - E g(mh ni, ma, Ng, M, n)(sm,n

m,n

N2 becomes a commutative hypergroup with the involution (m,n)~ = (n,m) and
the neutral element (0,0) and is called polynomial hypergroup in two variables
on N2, compare [1], 3.1.4. For the general theory of hypergroups we refer to the
monograph [1].

Our interest in this hypergroup structure stems from the fact that it allows a
generalized harmonic analysis. In particular there exists a Haar measure m ( i.e.
a positive measure m satisfying d; * m = m for every k € N2), which is uniquely
determined by m({0}) = 1. In our case it is given by

mwzmu@J»w:(Lm$WM%4wQ3

Furthermore for any probability measure p on NZ we can define a (generalized)
Fourier transform [i(z) as the continuous complex valued function

D~ lz) = | REL@u{mm))

An important property of this Fourier transform is the convolution theorem
n*v(z) = a(z) - v(z) if z € D ([1], Theorem 2.2.2 (a)).

Random walks. Let a > 0 and u € M'(N2). Every Markov chain on N2 with
the transition kernel

Bigka) = P(Snsa = (K, D]Sn = (4,5)) = gy * n({(k, 1)})



is called random walk (with law p) (note that this transition kernel is well defined
by the positivity condition on the linearization coefficients). It is easy to see from
the definition that the n-step transition probabilities are given by

(2.2) Py = P(Su = (k1) | So = (i.5)) = 6z * 1 ({(k, 1)})

where 1™ denotes the n-fold convolution product with respect to . A thorough
study of such Markov chains on an (arbitrary) hypergroup can be found in [1]
or |7].

Remark. Choosing in particular p = 1/2(d01 + d1,9) we obtain the Markov chain
with transition kernel (4], 2.16)

(el L if(k, D) = (e +1,d)
sarem o k1) = (¢ = 1,d)
Peayw = { sty ik, 1) = (e,d + 1)
Widm L if(k, 1) = (¢, d — 1)
L0 otherwise.

3 Local limit theorems

We start with some auxiliary results needed later. Throughout this section we
assume that a > 0.

Lemma 3.1. Let S, = (X,,,Y,) denote a random walk on N2 with law p.

(i) We have the following integral representation of the transition kernel

(3.1) P o = i /D i (2 R RS (2)dNa(2).

(i) ©(S,) = X,, — Y, is an irreducible and aperiodic Markov chain on Z.
(iii) |fi(coste?)| =1t=0=¢

Proof. (i) For (¢,d) € Nj fixed the Fourier transform d.q * u(™(z) is inte-
grable with respect to A,, which is the Plancherel measure on N2. The
inversion theorem [1], Theorem 2.2.36 yields the assertion.

(ii) S, being irreducible, N2 is the smallest subhypergroup generated by Tr p
(|7], Prop. 2.11).
7(z,y) := z —y is a homomorphism of the hypergroups N2 and Z the latter
endowed with its usual group structure (|4|, Proposition 5.1) and 7(S,,) is
a random walk on Z (4], Theoreme 1). Thus Z is the smallest subgroup
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generated by Trm(u) and 7(S,) is irreducible.
Now assume that 7(S,) has period d > 1. Then 7(u™)(0) = 0 for all
n with d fn and

0 =m(u™(0)) = p™(x1(0)) = u((0,0)) > 0.

This implies P((g ())) 00) = 0 for all n with d [ n contradicting the aperiodicity
of S,.
(iii) We have

| R, (cos te'?)| = (cos £) " [RI (cos 20)] < 1

for 0 < t < 7/2 and thus |fi(coste™)| < 1 for ¢t > 0.
Furthermore

e =1 Y pmm)}e™ %) = | F(x(u)(@)],

(m,n)eENZ

where F is the usual Fourier transform on Z. It follows from part (ii) that
7(Sy) is strongly aperiodic in the terminology of [10] (see [10], D 2.2 and
D 5.1.). Thus |(e*)| =1 ¢ =0 ( [10], P 7.8). O

Moreover we need the following identities (compare [6], 7.7.3 (24) and (25))

e 2
(3.2) / e~ Ao (N2 dt = Llat1) exp <—£>
0

90+l 4C
and
(3.3)
/0 TP A (MOALNDE = 227 JIVFA%LDQ o (_N2+CMQ> fo (%)

Theorem 3.2. Assume that the measure p € M*(N2) satisfies the conditions
(Z) Zm,n(m - n)/’bm,n = 07
(i1) Zmn(m — )2l =: a < 00,

(i11) Y m (i’% + M4 ) iy =: b < 00,

(iv) the random walk with law p is irreducible and aperiodic.



Then we have for (k,1) € N2 fized

lim sup a+3/2P( n) 22a+1F(Q)F(Oz + 1) o X
n—o00 e<v/n (e,d)(k, l) \ /2aﬂb(ﬂcdﬁkl)a ’
d<y/n

exp <_(d—c+k—l>2 _ 02d+513z) a(ﬁcdﬁkz) ‘ _0

2an 2bn

where By = /(2k + o+ 1)(2l + a + 1).
In particular we have for both (c,d)(k,l) and (k,l) fized

2a+1/2r(a)
a+3/2
JHEO " P(c kD) | Srpetl kit

Proof. The proof uses the Hilb formula for disk polynomials (|3|, Theorem 1) and
the integral representation (3.1). In addition we set

fi(t, @) == ji(coste™?) R a(t, @) == Rgil) (coste™)
and

fult, ) =
B/ /Y R/, o 3) B (0] ) cos(t /) sin® ) (1),

First we show that the asymptotics of P((:z)i)(k,l) depends only on the integrand in

a neighborhood of (1,1). In a second step we determine the asymptotic behavior
in this neighborhood.
To achieve this we split the integral representation as follows (c,d, k,l € N2)

_ a+1/2hkl Of"‘ (/ / f dtd(p +
+</ﬁ/ ﬁw+/ ‘/ falt, )ﬁ@)
[—sv/n,—AJU[A,sy/n]
ﬂf/? w/
(/ /ﬁ (tpitdg + [ / m@wma>
_ rv/n [=mv/n,—sv/n]U[s\/n,my/n] JO

_ not2h, (o + )(Il< )+ Iy(n) + I3(n)).

™

Choosing the constants A, B, r, s appropriately we can show that na“/?l'g(n) and
n®*Y2[5(n) tend to 0 uniformly in (c,d) as n — oo.
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A Taylor expansion of fi(t,¢) around (0,0) shows that there exist 0 < r < 7/2
and 0 < s < 7w with (¢, p) < 1—i(ag02+bt2) for0<t<rand0<¢<s.
Furthermore for any € > 0 there exist A > 0 and B > 0 such that

/ e /A2t gy < ¢ and / e_“WQ/zdgo < e.
B [—A,A]e

with this choice of A, B,r, s we have

1 " ) )
At/ ol /R)" < (1 - Lie+ Wﬂ)) < oV y-agt
n

on the set [B,ry/n] x [—=A, AJU[0,7y/n] x {[=sv/n, —A] U [A, sy/n]} and conse-

quently
A 2 o 2
|na+1/212(n)‘ < na+1/2(/ e~ /4d(p/ efbt /4(t/\/ﬁ)2a+1dt +
—A B
7at,02/4d OO —bt? /4 ¢ \/_ 2a+1dt
e p [ e (t/vn) )
[—A,A]e 0

< Ce

uniformly in (¢, d).
Using Lemma 3.1 we can find 6 > 0 with |a(t,¢)| < 1—96. if r <t < 7/2 or
s < || < m. This yields

IR t2 L5 (n)| < n T3 ( / / )| sin?* T tdtdp+
77r/2
/ / | sin?*+ tdtdgp)
s<\so|<7r
n a+3/2

Thus we obtain |I3(n)| — 0 uniformly in (¢, d) as n — oo.
To finish the proof we show that I;(n) has the correct asymptotic behavior. In
order to do this we write I1(n) as

a+1/2/ / fn dtdg& _

/ efago2/2 io/v/n(d—c+k— l)d@/ eith/zAa(Bc,dt/\/ﬁ)Aa(ﬁk,lt/\/E)t2a+1dt
oo 0
+J1 (n) + JQ(’/L) + J3(ﬂ) + J4(n)

_ 22a+1/2r<a)r(a —+ 1)nae—(d—c+k—l)2/(20m)€ ﬁ%"’fkl a <5cd6kl)
Vamb(Beafri)® 2bn
+J1(n) + Jao(n) + Js(n) + Ju(n),
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where

/ / At/ @)/ — e~/ 2| giv/Vnld—etk=l) o

Aa(Beat//n)Na(Brgt/v/n)t** dtde
Ja(n) =

A B
| [ ity mpeseion
—AJO

sint/\/n 2o+l
[(—t/\/ﬁ ) Rea(t/v/n,0)Ryi(t/v/n,0) cost/v/n — Ao (Beat/vV/n)Aa(Brit//1) | dtde

J3(n) =
B
/ / eiap/\/ﬁ(dchrkfl)faapQ/27bt2/2Aa(6C7dt/\/ﬁ)Aa(ﬁklt/\/ﬁ)]?aJrldtdgp
—A,4 Jo
J4(n) =
/ / ezlp/\/ﬁ(dchrkfl)fme/27bt2/2Aa(5C’dt/\/ﬁ)Aa(ﬁk’lt/\/ﬁ)lgaJﬂdtdgp‘
—o0 J B

Here we have used equation (3.3) and the identity
Rc,d(t7 90) = ei(c—d)aqud(t’ O)

(see 2.1).

It remains to be shown that J;(n) = 0 as n — oo (i = 1,2, 3,4).

This is immediate for J3(n) and Jy(n).

Since fi(t/\/n, 0/ /)" — e~%"/2¢=¥*/2 uniformly on compact sets, Jy(n) — 0 as
n — oo. Regarding Jo(n) set

fn(t) =

3 2a+1

sint/+/n
(%) Rea(t/v/n,0)Rii(t/v/n,0) cost/v/n — Ao (Beat/vn)Na(Brit/v/n).

Now we use the Hilb formula for the disk polynomials ([3], Theorem 1) to show

that

lim sup |f, ()] =0
n—o0 cé\/ﬁ

d<y/n
uniformly on compact sets.
This is obviousif c=d =k =1=0.
The Hilb formula yields constants C1—C4 such that

fa(t)] < Cut? it Co((c—d)2+ (k—1)2)t* /n?+Cst? Jn2+Cu((c—d)?+ (k—1)2)3 /nd,
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if cdkl > 0. In the remaining cases we obtain analogous inequalities and the proof
is complete. O

The above mentioned random walk with law p = 1/2(5(1,0) + 0(0,1) has period
2. Thus theorem 3.2 is not directly applicable. Nevertheless we have

Corollary 3.3. Let S, be the random walk with law p = 1/2(0(1,0) + 0(0,1) and
assume that ¢ — k and d — 1 are both even or odd. Then

2202 (o + 2)T' (v + 1)
V21 (Beafra)
exp (_(d—c—l—k;—l)2_ c2d+5lzl) <5ed5kz) ‘—O

lim (2n)a+3/2P((CQZ;(k N~ P an® x

n—o0

n 2n

where Beg = /(2c+a+1)(2d+a+1).

Proof. Write

n V2ndrn" .
(2n)a+3/2P((2d))(kl) = 4(a+1)hk,l< }LW (cosx)%e’(d_”k_l)”dx)

w/2
((2n)2a+1/ (cosy)*" ! (sin y)QaHRé (cos y)R( ) (cos y)dy)
0
= A(a+ 1hgli(n)lz(n).

Furthermore

Li(n) = @P(i){k:d—cw—n,

where X are independent identically distributed random variables taking values
in Z and common law p = 1/40_5 + 1/269 + 1/462. The classical local limit
theorem ([8], Theorem 4.2.1) implies

1
V2T

lim
n—0o0

L(n) - eXp<—<d—C+k—l)2/n)’ -

uniformly in ¢, d, k, .
As in the proof above we may show that

_ 22041“(& + 1)2 a <_ c2d + 61%1) (/Bcdﬁkl>
fa(n) BeaBrt)™ P 2n ‘ -0

lim
n—oo

O

The following corollary justifies the term local limit theorem, since @, (z,y)
is the density of the limit law in the central limit theorem.
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Corollary 3.4. Under the assumptions of theorem 3.2 let k,, 1, be sequences of
natural numbers satisfying k, — oo, l, — 0o and ky,l, = O(y/n). Then

(n) ~ 1 k., I,
Fomeni ™ 3 %e (f NG )

2a+1

V2mabo T (a4 1)

Proof. We have with the same abbreviations as above

where
(z—y)?

(zy)*(z + y)e >V/Pe™ =

®aﬁ($ay>::

(n) oy
nP(Ovo)(knvln) — 2aba+lr(a + 2)hknal” na+1/2€2gg’rlzn e(kTLlefn,n)Z X
<1>ab(3—z ) /2 (b, 1) (K + 1)

/)2
/ / AT, o/ ) Rt (6T, 0 /1) cos 8y /rsin®™ . ¢y /mdtdep

B (bl a+ )0k, +a+ DI, +a+1)
Foln kol )T (a + 1T (o + 2)

(|4],(2.3)) the asymptotic of the Gamma function yields
. \/§Eba+1F(oz+—2)hk 1 \/§Eba+1
lim nybn na+1/2 — )
n—oo /200 (K 1) (K + 1) V20D (o + 1)
Thus all we have to show is
\/%baﬁ_1 2knln (kn ln)2 mv/n/2
li ot
ngﬂlo ﬁ2a+1r<a + 1) / / /\/_ LP/\/—)
Ry, 1, (t/\/n, 0//n) cost/\/ﬁsm%‘Jrl t/v/ndtdp = 1.

But this can be seen as in the proof of theorem 3.2 using equation (3.2) and

ko, 1, = O(y/n). O
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